The quantum triangular XXZ model has recently enjoyed a wealth of new theoretical results, especially in relation to the modeling of the Ba 3 CoSb 2 O 9 compound. In particular, it has been understood that in a longitudinal magnetic field the umbrella (cone) phase, classically stable in all the easy-plane region of the ground-state phase diagram, is considerably reduced by the effect of quantum fluctuations. We provide more quantitative information for this phenomenon at arbitrary value of the site spin S , by employing the dilute Bose gas expansion, valid in the high field regime; our results improve the available estimates of the 1/S expansion. We quantify the extent to which a higher spin suppresses the effect of quantum fluctuations. Besides, we show how in threedimensional layered systems a relatively small antiferromagnetic interlayer coupling has a similar consequence of bringing back the umbrella phase in some part of the phase diagram.
I. INTRODUCTION
Frustrated quantum antiferromagnets continue to provide opportunities for the investigation of new states of matter and therefore are still nowadays the object of intense experimental and theoretical effort. 1 The interplay of frustration and quantum fluctuations can determine dramatic effects on the ground state of spin systems compared to the simple classical picture. The suppression of dipolar magnetic order in favor of spin liquid states 2, 3 or multipolar order such as the spin nematic state [4] [5] [6] [7] is perhaps the most striking phenomenon; however, there are also interesting situations such that an order of magnetic moments can be stabilized in the ground state, which does not have an analog in the ground state phase diagram of related classical systems. 8, 9 Also, it is well understood that phase transition lines in frustrated systems are more subject to large quantum correction, especially due to degeneracy or quasi-degeneracy in the energy landscape.
The triangular Heisenberg antiferromagnet is perhaps the most studied theoretical model in the field. A lot of its features have been understood over the years, including the removal of classical degeneracies by quantum or thermal fluctuations and its signature one-third magnetization plateau. 8, 10, 11 One of the most natural extensions of this model consists in the introduction of anisotropy in spin space, in the form of XXZ anisotropy, 12, 13 namely a difference between the XY coupling J and the Ising coupling J z [see Eq. (2)], which is in general induced in real materials by a combination of crystal field and spin-orbit coupling. Recently there has been a remarkable revival of the triangular XXZ model, especially due to very interesting experimental works on Ba 3 CoSb 2 O 9 . [14] [15] [16] [17] This compound is particularly attracting because it features a stack of geometrically almost perfect triangular lattices made of Co 2+ ions, which in the presence of trigonal crystal field and spinorbit coupling carry an effective spin S = 1/2 at temperatures well below the scale set by the spin-orbit coupling, 18 in this case about 250 K. Besides, the highly symmetric crystal structure forbids Dzyaloshinsky-Moriya interaction up to the third-nearest neighbor in the plane and between any pair of spins along the c axis. Magnetic ordering is observed below 3.8 K. Electron spin resonance 16 and, very recently, inelastic neutron scattering 19 experiments also provided evidence for XXZ anisotropy of the easy-plane type, as well as a small nearest-neighbor interlayer exchange coupling (a few percent of the intralayer one). Currently Ba 3 CoSb 2 O 9 is believed to be a very good physical realization of the XXZ model on a vertically stacked triangular lattice (the importance of the interlayer coupling, however small, has been highlighted in Refs. 20 and 21) ; this is strongly supported by the agreement between the magnetization process in longitudinal and transverse magnetic field and the model calculation. 20, 22 However, we can not exclude that a refinement of the theoretical model should be pursued to explain further experimental results. 17, 19 This line of research is being expanded to other compounds with identical or very similar structure, such as Ba 3 27 While in general all these materials feature magnetic ions occupying the sites of triangular lattice layers which are arranged in a simple AA type of stacking, it becomes interesting to understand how various details of the single material, such as the value of S , the dimensionality (strength of the interlayer coupling), certain spin anisotropies, etc., influence the actual observations.
The latest theoretical works 20, 22, 28 thoroughly mapped out the magnetic phase diagram of the spin 1/2 triangular XXZ model, pointing out numerous interesting features (see Fig. 1 ). Among these, in the case of the purely two-dimensional model in longitudinal applied field, the extension of the one-third magnetization plateau phase to the easy-plane region up to J/J z ≃ 1.4 (or more according to Ref. 28) ; the possibility of a new coplanar phase (named π-coplanar or Ψ) emerging from a peculiar lifting of the classical ground-state degeneracy; the presence of a tricritical point along the transition line between the plateau and the high field 0-coplanar (or V) state, which changes from second to first order going towards the Ising limit at about J/J z ≃ 0.44. In the case of layered systems in a transverse applied field, the appearance of a new firstorder phase transition in the easy-plane region at about 70% of the saturation magnetization, which is induced by any small but non-vanishing antiferromagnetic interlayer exchange cou-pling.
In case of larger but finite spin, S > 1/2, it is naturally expected that the effect of quantum fluctuation will be milder, although it is in general difficult to quantify this expectation and not many studies can be found in literature; besides, a considerable part of them concentrates on the isotropic (Heisenberg) model. In fact, for this model there is quite a clear understanding of how the one-third magnetization plateau shrinks as a function of S . 27, [29] [30] [31] Other studies based on the 1/S expansion 32, 33 give us information about the generically anisotropic model in a longitudinal high magnetic field and find that the phase diagram in that region is qualitatively the same as the one found in Ref. 22 for S = 1/2. On these grounds and assuming some more analogy with the S = 1/2 case, in Fig 1 (middle panel) we draw a sketch of how the phase diagram of the purely two-dimesional model in longitudinal field should look like for a fixed finite spin S . Such a sketch is meant to illustrate the picture that is currently available, but clearly it should be taken with a certain amount of caution. In particular we remind that the tricritical point in the easy-axis region has been confirmed so far only for S = 1/2, so that it can either disappear continuously for S → ∞ or at some critical value of S . Also, let us mention that Ref. 28 , based on exact diagonalization of the S = 1/2 model, claims that the π-coplanar state corresponds to a spurious phase which is present in finite-size calculations and disappears in the thermodynamic limit; however, a more thorough analysis of the exact diagonalization data in the threemagnon sector shows that the spurious phase is actually a chirally symmetric combination of finite-size umbrella states, while the lowest eigenstate in the coplanar region is always doubly degenerate. 34 Here we want to focus on a specific feature, namely the shift of the umbrella-coplanar transition line in a longitudinal magnetic field H, and treat it quantitatively. The transition in question classically sits at the isotropic line J = J z (see Fig. 1 ) and is discontinuous but with no hysteresis, due to the classical continuous ground-state degeneracy of the Heisenberg model. As explicitly seen in the S = 1/2 case, 22 quantum fluctuations make it hysteretic and shift it towards the easy-plane side [except for the SU(2)-symmetric point (J = J z , H = 0)]. To calculate this shift for any strength of the applied field is a difficult task, and to our knowledge this has been achieved only for S = 1/2. The problem for arbitrary spin S has been approached with a Holstein-Primakoff mapping in the high-field regime, namely near saturation; in this case the reference state is the fully polarized state (vacuum of the Holstein-Primakoff bosons), which is an exact eigenstate of the Hamiltonian and is thus protected from quantum fluctuations. The transition point in the vicinity of the saturation field H S is determined at leading order in 1/S as
In this paper, we will employ a different strategy, based on the fact that near saturation the Holstein-Primakoff bosons are dilute. This implies that it is appropriate to consider an expansion in the boson number (per site) while treating the 1/S series exactly, by means of a normal ordering. This idea is already present in Ref. 35 and leads to a dilute Bose gas treatmentà la Beliaev, [36] [37] [38] which is exact in the limit H → H S . We thus obtain a quantitatively precise result for the transition point (J/J z ) c just below the saturation field for any value of the spin S . Furthermore, having in mind the application to real materials, after the purely two-dimensional model, we analyze how three-dimensionality, in the form of triangular lattice layers interacting via an interlayer exchange coupling, can in turn influence the location of the transition point. We note that in our framework it is technically difficult, even if it is possible in principle, to address the distinction between 0-coplanar and π-coplanar states (see Sec. II for a brief explanation of this point); thus we do not attempt to do that here, where we refer to the coplanar phase in general. The umbrella-coplanar transition problem is indeed well-defined independently of such a distinction.
The paper is organized as follows. In Sec. II, we set up the problem and introduce the theory of dilute interacting bosons that we will use to address it. In Sec. III, some details about the calculation of quantum effects on the ground state of the model are given, with particular attention to the method that we use to deal with infrared divergences that show up in two dimensions. Sections IV and V are devoted to the presentation of the results and a the conclusions, respectively.
II. THE TRIANGULAR XXZ MODEL IN A MAGNETIC FIELD AND ITS MAPPING TO A DILUTE BOSE GAS
The Hamiltonian of the triangular XXZ model in a longitudinal magnetic field is given bŷ
The second line represents a nearest-neighbor interlayer coupling, since we intend to study both the purely two-
. We consider this model for arbitrary value of the site spin S . It is convenient to introduce the Holstein-Primakoff transformation
to express the spin operators in terms of boson creation and annihilation operators. We want to focus on the region of high applied magnetic field, just below the saturation field, where the boson gas is dilute. In order to do so we will expand the Hamiltonian (2) up to four boson operators, by carefully taking into account normal ordering. Let us note that
and, by virtue of [â, .
for n ≥ 1. Finally, we have
where in the last line we neglected higher orders in the a, a † operators. 35 Note, however, that we have not taken any truncation in 1/S . After substituting and going to momentum space the Hamiltonian (2) becomes, up to a constant,
where M is the number of lattice sites and
Equation (14) contains the definition of the saturation field H S as a function of the various couplings and the spin S . It represents the value of the applied field at which all the spins are polarized, or, in other words, the vacuum of bosons; this is clearly an exact eigenstate of the Hamiltonian. The inequivalent minima of the single-particle energy band are given by k = ±Q ≡ ±(4π/3, 0, 0) [respectively ±(4π/3, 0, π)] for J ⊥ < 0 (respectively J ⊥ > 0) and we expect that at zero temperature most bosons occupy these states, in such a way that the corresponding operators acquire a non-zero expectation value, namely â ±Q ≡ ψ ±Q 0. To determine these expectation values is a difficult task due to the presence of interactions that are not weak in general. However, in the dilute limit µ → 0 (H → H S ), we can employ the dilute Bose gas expansion 36 to approach the problem. First we operate the substitutionâ ±Q → ψ ±Q +â ±Q in Eq. (8) . 33 After this, we still consider the quadratic term as in the first line of Eq. (8) as the free part of the Hamiltonian, and all the other terms as interactions. We look for the effective ground state energy; technically this is given by the generating functional of the one-particle-irreducible (1PI) correlation functions 39 at zero frequency. In the cumulant expansion it is sufficient to retain up to fourth order terms in ψ ±Q , so that we can formally write
The parameters Γ 1 and Γ 2 are given by appropriate combinations of four-point correlation functions, namely Γ 1 = Γ(0; Q, Q) and Γ 2 = Γ(0; Q, −Q) + Γ(−2Q; Q, −Q). Here, Γ(q; k, k ′ ) denotes a generic zero-frequency renormalized vertex (see Fig. 2 ) as a function of two incoming and one exchanged momenta, respectively k, k ′ and q. The calculation of this quantity will be the subject of Section III. Equation (15) 
In the spin language the single-mode BEC reads
upon a global spin rotation about the z axis. This state is called umbrella or cone state in the literature. The density of bosons is related to the applied magnetic field via ρ =
. The two-mode BEC state corresponds to a one-parameter continuous family of coplanar states, depending on the relative phase φ = arg(ψ Q /ψ −Q ). However, as explained in Ref. 33 , φ can be restricted to a finite set of values by considering the structure of the sixth-order corrections to Eq. (15); moreover, by exploiting the sublattice exchange symmetry, it can be further constrained to be either 0 or π, 40 from which the so-called 0-coplanar and π-coplanar states (otherwise known as V and Ψ states) given by
with φ = 0 and φ = π respectively, upon a global spin rotation about the z axis. Here ρ =
represents the density of bosons at both Q and −Q. Within the present theory, the calculation of the sixth-order corrections that would generate an energy split between the two coplanar states requires the summation of an infinite class of Feynman diagrams 22, 33 contributing to a three particle scattering process, which is still an open problem. However, this does not affect the treatment of the umbrella-coplanar transition, which can be addressed independently.
III. BETHE-SALPETER EQUATION
The calculation of the renormalized vertex Γ(q; k, k ′ ) in the dilute limit formally amounts to solving the Bethe-Salpeter equation
where the total energy and the chemical potential have been set to zero. In the spin language, zero chemical potential means that for a gien set of J, J z , J ⊥ , J ⊥ z and S the magnetic dield H is tuned to the value H S defined in Eq. (14) . The solution represents the summation of the infinite series of ladder diagrams, which are the dominant ones in the dilute limit. 37, 38, 41 However, it is well-known that in two dimensions Eq. ( (18)) gives a logarithmically vanishing result, 41, 42 due to the infrared singularities in the kernel. On the other hand, it is too naive to just take a zero chemical potential, even though this does not give any problem in the corresponding threedimensional calculation. We are actually interested in the situation of a very small but non-zero chemical potential µ, which in two dimensions provides a natural momentum cutoff of order √ µ. Below that scale, in fact, the bare single-particle dispersion gets dressed by many-body effects and the integration in Eq. (18) must be cut off (or, in the renormalization group language, the flow must be stopped). 42 One more complication lies in the fact that Γ 1 = Γ 2 at leading order in | ln µ| −1 in the limit of very small µ. There are several ways to deal with the above issues without giving up the relative simplicity of the theory; 43, 44 we choose to take full advantage of the Hamiltonian Eq.(2) by initially taking a small interlayer coupling and eventually send it to zero, 22, 43 looking at the evolution of the transition point of interest in the process. The reliability of the extrapolation procedure is discussed extensively in Ref. 43 .
As mentioned above, in the three-dimensional case (finite interlayer coupling), Eq. (18) gives a finite value of Γ 1 , Γ 2 , which can be then directly compared. Further technical details on the solution of the Bethe-Salpeter equation and the determination of the transition points are given in Appendix A.
Let us conclude this section by making a remark on the dilute limit. As observed, for example, in Ref. 45 in the context of spin systems (but well-known in the cold atom literature) the dilute limit is appropriately defined in terms of the scattering length in three dimensions. In our problem we have two scattering lengths, which are proportional to Γ 1 , Γ 2 , so that the dilute condition can be written as Γ i (ρ/ det h) 1/3 ≪ 1, where det h is the determinant of the Hessian matrix of the energy dispersion at Q (essentially the inverse mass matrix of the low-energy modes). Thus, as long as the Γ i 's are finite (which is the case for the range of parameters that we choose in our calculation), one can always choose a magnetic field H sufficiently close to H s in order for the above condition to be satisfied. Numerical result for the umbrella-coplanar transition point near saturation for the several values of the site spin S ; in the third column we also report the result of the 1/S theory as calculated from Eq. (1). The rightmost column contains the values of the saturation magnetic field corresponding the transition points.
IV. RESULTS

A. Two-dimensional model
The main results of our analysis are included in Fig. 3 . where (J/J z ) c is plotted as a function of S . The numerical results for the first spin values are explicitly displayed in Table I , together with the results of the 1/S theory for comparison. As consistency checks, we note that (i) as S → ∞ the transition point approaches the classical one, namely (J/J z ) c = 1 (see inset) and (ii) for S = 1/2 the previous result obtained via the hard-core boson map (and consistent with the cluster mean field theory+scaling method), 22 namely (J/J z ) c = 2.218. is recovered. While the former feature may appear trivial since the second term in the right-hand side (r.h.s.) of Eq. (18) is suppressed for very large spin (which, in physical terms, means that there is no renormalization since the loop diagrams vanish), the second feature is less immediate and indicates that the hard-core boson and the Holstein-Primakoff methods agree for spin 1/2, as they should.
The value of the transition point decreases monotonically as S increases, which is quite natural since the quantum fluctuations are expected to play a progressively weaker role. The decrease is considerably more rapid at the beginning, nevertheless the shift from the classical value is still bigger than 20% for S = 5/2, which is often regarded as almost classical.
By direct comparison, one can see that the leading order in the 1/S expansion in general overestimates the shift of the transition point and in particular it is not quantitatively accurate for S 3; also, the extrapolation to S = 1/2 is clearly not viable due to the unphysical singularity in Eq. (1). Table I for the first values of S . The black dashed line represents the 1/S result, 32 see Eq.
(1). The inset intends to show that the two calculations approach each other and the classical limit asymptotically for large S .
B. Effect of finite interlayer coupling
In general the interlayer exchange coupling, however small, is important to determine the ground state of layered frustrated magnets, as emphasized in Ref. 20 for the particular case of the triangular XXZ model in a transverse field. In this section, we aim to analyze quantitatively the combined effect of antiferromagnetic interlayer coupling and intralayer spin anisotropy on the umbrella-coplanar transition of the triangular XXZ model in longitudinal field just below saturation. Here the umbrella and coplanar states have to be intended as associated with a well-defined stacking pattern dictated by the antiferromagnetic coupling, as depicted in Fig. 4 , where the primed (non-primed) indices refer to the even (odd) layers.
Since the system is three-dimensional, there are no issues related to the infrared divergences discussed in Sec. III and the calculation is essentially the same as in Ref. 33 . Here we extend it systematically to a wide range of the parameters and provide some theoretical considerations.
We have learned that quantum fluctuations in two dimensions not only select the 0-coplanar phase in the isotropic (Heisenberg) model, but also stabilize a coplanar phase up to quite large values of easy-plane anisotropy. This effect naturally weakens for higher spin, but it is notable for all physically interesting values of S . One is then led to ask what is the effect of introducing three-dimensionality and an antiferromagnetic coupling in the direction perpendicular to the triangular lattice layers.
Two facts are known about the isotropic case. On one hand in the classical limit a small interlayer coupling stabilizes the stacked umbrella state for all values of the applied field. 46 On the other hand for S = 1/2 at J ⊥ /J ≃ 0.209, the effect of the interlayer coupling is sufficient to contrast the quantum fluctuations and destabilize the stacked 0-coplanar phase in favor of the stacked umbrella phase. 33 Combining these observations with the result of the previous subsection, one can argue that the phase diagram in the [J/J z , J ⊥ /J z ] plane features a stacked coplanar phase in the lower-left corner and the stacked umbrella in the upper-right region. Furthermore the first-order phase transition line between the two progressively shifts downwards as S increases, which asymptotically leads to the disappearance of the coplanar phase from the easy-plane region, consistently with the classical result. The actual calculation indeed confirms this scenario and is reported in Fig. 4 (an isotropic interlayer coupling is used, namely J ⊥ = J ⊥ z ). The same phase diagram for the case of S = 1/2, J/J z > 1, was discussed in Ref. 17 . We recall that for fixed S we expect an additional first-order phase transition between 0 and π states within the coplanar region, 22, 32 but its determination goes beyond the scope of this paper (see the discussion in Sec. I and II).
We illustrate in a more detailed fashion the calculation for the specific case of the model with isotropic intralayer interaction (J = J z ) in Fig. 5 . Additionally, we note the consequence of changing the spin anisotropy of the interlayer exchange. In general, if that anisotropy is of XY type (respectively Ising type) the coplanar region expands (respectively contracts). We have checked that this tendency occurs also when the model possesses a (fixed) spin anisotropy in the intralayer exchange interaction (J J z ) .
V. CONCLUSIONS
In this study, we provided an accurate determination of the umbrella-coplanar transition point of the two-dimensional tri- angular XXZ model near saturation for arbitrary spin S . This was made possible by using the Holstein-Primakoff mapping together with normal ordering that allowed for the appropriate dilute boson expansion; also, the singularities of the ladder approximation in two dimensions were worked around with a sort of dimensional regularization (smooth extrapolation to zero interlayer coupling). We thus made the information that a larger S weakens quantum fluctuations, and then the coplanar states, quantitative. In addition, we studied the effect of a finite antiferromagnetic interlayer coupling (which makes the system three-dimensional), an ingredient quite important for modeling real compounds, and found precisely how it also tends to stabilize the umbrella state. We hope that the above results can help to guide future high-field experiments on currently available and new materials based on magnetic triangular lattices.
q and find
where . . . = (1/M) q∈BZ (. . .). Restricting to the initial momenta of interest, namely k, k ′ ∈ {Q. − Q}, the above equation reduces to
Γ(q; k, k ′ )
where we have defined κ = −(3/2 + |J ⊥ |). Let us introduce the two even functions Γ 1 (q) = Γ(q; Q, Q) and Γ 2 (q) = Γ(−Q + q; Q, −Q) + Γ(−Q − q; Q, −Q). In the end Γ 1 = Γ 1 (0) and Γ 2 = Γ 2 (Q). By taking the ansatz 
Eqs. (A2) and (18) 
